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Abstract

Traditional regularization parameters such as L1 and L2 are added to
the cost function for neural network learning to improve learning
ability and generate sparsity in the solution. L2 regularization adds
the squared value of the weights to the cost function, whereas L1
regularization adds the absolute value of the weights. This study
proposes an online gradient method with a novel double regularization
(OGDr) for enhancing the learning ability of pi-sigma neural networks
(PSNNs). The L1 and L2 regularization methods are combined in
the double regularization method, which is frequently used in several
machine learning frameworks. To improve the suggested method’s
performance learning ability, we applied the XOR problem, parity
problem, Gabor function problem, and sonar benchmark challenge.
The numerical examples of cases, OGL1, and OGL2 were compared.
The OGDr has a good learning accuracy, according to numerical
statistics. In addition, unlike OGL1 and OGL2, the error decreases
monotonically, and the gradient of the error function approaches zero
throughout learning.

1. Introduction

PSNNs are a form of higher-order neural network (HONN) introduced
by Ghosh and Shin in [1] that is effective for pattern categorization and
function approximation. Product cells are used as output in this network
to incorporate the capabilities of higher-order networks implicitly while
utilizing fewer weights and processing units. This network has a periodic
structure, learns faster, and can incrementally add units to achieve the
necessary level of complexity. Because the weights of the summing nodes
to product nodes are fixed at 1, the PSNN performs better than the
conventionally feedforward neural networks and even other HONNS such as
sigma-pi neural networks [2], functional link neural networks [3], and sigma-
pi-sigma neural networks [4]. PSNNs, in particular, have been used in a
variety of domains, including nonlinear time series forecasting [5], spotted
hyena optimizer [6], temperature forecasting [7], and fuzzy time series

forecasting [8]. The learning process entails taking into account sample
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observations in order to improve the performance of a network. During
learning, the weights in the network are modified to improve the accuracy of
the outcome by minimizing observed mistakes. Overfitting is a key issue that
impedes the verification of the goals assigned to it throughout the learning
process. Cross-validation, regularization, early halting, Bayesian priors, and
dropout are some strategies for reducing overfitting. Regularization terms
are routinely added into learning techniques to increase generalization
performance and prevent overfitting. They can also be used to improve
sparse models. Regularization penalty terms appear in neural networks in
three ways: weight decay [9], weight elimination [10], and approximate
smoother [11]. Weight decay is sometimes known as L2 regularization,
because the penalty term is the weights’ 2-norm [9, 12, 13]. Regularization
terms are frequently expressed as g-norms of weights, resulting in the new

error function:
EW) = EW)+N W], (1)

where E (W) is a standard error function depending on the weight W of the

network, A denotes regularization parameter, and | W || g (er'lzl | w; |j2

is the g-norm (0 < g <2) of the weights of the network. A sparse

optimization solution [14] is a feasible way for LO regularization. This
phrase has been utilized in a variety of contexts, such as blind natural image
deblurring [15] and the accelerated iterative hard thresholding technique
[16]. The well-known developed model criteria AIC and BIC [17] are
particular examples of LO regularization. L1 regularization is a well-known
concept in statistics and machine learning. Reference [18] introduces a
common L1 regularization, which is also regarded as a quick optimization
method in [19]. L1 regularization is computationally intensive and provides
the best convex approximation to LO regularization. In [20], is proposed a
novel L1/2 regularization that is sparser than the LO and L1 regularizations.
Several recent efforts to regularize L1/2 have really been made, including

cancer survival analysis [21] and genetic data analysis [22].
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In [23], double regularization, also known as elastic net regularization, is
proposed for variable selection and is especially useful when the number of
predictors exceeds the number of observations. L2 regularization is added
to L1 regularization in this phrase. Support vector machines [24], portfolio
optimization [25], and cancer diagnosis [26] are all applications of double
regularization. In this study, we look at the double regularization term and

concentrate on the batch gradient method proposed by

E(W) = EW)+ N[ W >+ x| W, )

where Aj, A, are regularization parameters, and || [J* and || [, denote the

2-norm and 1-norm, respectively.

This paper offers and investigates an online gradient approach for
training PSNN with double regularization. Using double regulation, we
confirmed that no earlier research on pi-sigma neural networks had been
conducted. We strive to obtain performance capabilities in this work without
employing theoretical analysis. We can achieve the following benefits as a

result of the proposed strategy and the major contribution of this paper:

* Our numerical simulations show that the double regularization
approach may learn as well as compare to the classic and regularization

methods.

* It is demonstrated that how double regularization distinguishes
between important and unneeded weights and forces extraneous weights to

zero, ultimately pruning the network.
* OGDr is more accurate and performs better, as evidenced by numerical
findings.

2. Neural Network Structure and Algorithm Description

In this section, we describe the pi-sigma neural network structure
considered in this paper, followed by an online gradient method with double

regularization.
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2.1. Pi-sigma neural network

Consider a PSNN, as shown in Figure 1. The number of the nodes in

the input unit, summation unit and output unit are p, n and 1, respectively.
. — T . .

Taking w; = (wjl, Wi, s oojp) OR? and 0< j<n the weight

vector collection of the input nodes is the summation node, where

W= (o, @, ..., wl)OR™ and (1 <i< p). This network notes that the

weights of the summing nodes to product nodes are fixed to be one and the

activation function is given by f : R — R. In particular, for an input vector

x O R?, the final output of the network is

3)

Figure 1. Pi-sigma neural network structure.

2.2. Modified error function with L2 regularization

Let {xl, Ol}ll‘zl [0 R” xR be the set of training samples with 0! as the

desired objective output for the input x'. Then the modified error function is
defined as follows by L2 regularization term:
2

L n
1

Yo -¥ [ @) + A w]?, @)
=1 j=1

E(w) =

(]
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where || w[* = Z'}=1 oo% and || [J] is the usual Euclidean norm. The gradient

of the above error function is given by

L n n
ij(w)=l§1)61 r!((*)j ') H(wk O )+ 20 w;, (5)

= j: =

k#j

where A > 0 is the regularization parameter, & (1) = —[0' = £(1)] (), and
Eg, (w) = 0E(w)/0w;.

Starting from an initial value «’, the weights {w"} are updated

iteratively by
()‘)l;’lL'Fl - ()‘)l;’lL'Fl—l +A‘]0‘)};’ZL+Z_1, (6)

where j=1,2,...mk=12,..,nl=12,..,L;m=0,1, .., and

(@ O)x* + 20 |,

1=

n
As(*)lj” = =Ny O |_I ((*)’]n st)
j=l

=
N

1
J

where 1), > 0 is the learning.
2.3. Modified error function with double regularization
Let {xl, OI}lL:l 0 R?” xR be the set of training samples with o' as

the desired objective output for the input x!. The modified error function is

defined as follows by double regularization term:

2
L n
1
B =130 - 7| [, 0| +Mlof srlol. @
=1 j=1

where || @[, = Z']l.=1| ®; |, and | [J denotes the absolute value. The gradient
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of the error function is given by

Eg, (w) = Zszl al(rl’;‘:l (0 Dxl)j rlzzl (0 O ) !

k#j

+ 20N W; + Apsign(;). 8)

Starting from an initial value «’, the weights {w"} are updated

iteratively by
w};iLH — w};_iLH—l +Amwr]1_1L+l—1’ )

where j=1,2,..,mk=12,...,ml=12,..,L;m=0,1, .., and

n n

B, =) 8 [ ] 5°) | [ (6 5) + 20+ Aosign(e) |
j=1 k=1
k#j

where 1, > 0 is the learning, A;, A, are regularization parameters, and the

“sign” is signum function of a real number z that can be defined as follows:

-1 if x <0,
sign(x) =40  if x =0,
1 if x> 0.

3. Numerical Simulations

In order to test the effectiveness of the proposed method (OGDr), we

compare its performance with L1 regularization method (OGL1) and with L2
regularization method (OGL2). We use f(r) =1/(1 + ¢”") as the activation
function with the initial weights randomly selected from [-0.5, 0.5].

Comparative results are obtained using the XOR problem, parity problem,

Gabor function problem and sonar benchmark problem.
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3.1. XOR and parity problems

In this subsection, the XOR problem and a type of parity problem are
simulated. Two input units, two hidden units, and one output unit are used

for the XOR problem, with learning rate n = 0.07, and A; = 0.002 and
Ay =0.003 as the regularization parameters. In the parity problem, four

input layers, five summation layers, and one output layer are considered with

a learning rate N = 0.042, and for both the problems, the regularization
parameters are A; = 0.0002 and A, =0.0003. For both examples, the

maximum iteration number is 1800. The error function, norm of gradient,
and the average number of neurons are eliminated (ANE in brief). We
performed 10 repetitions each for the XOR and parity problems to obtain

average errors and gradient norms.

Through the results obtained from Figures 2 to 5, we see that OGDr
has a good mapping capability than OGL1 and OGL2. The error of OGDr
decreases monotonically as learning proceeds and its gradient goes to zero.
Tables 1 and 2 show the average errors, average gradient norms, and average

ANE in brief for three learning methods over the 10 trials.

Error function

10

0 500 1000 1500 2000
Number of iterations

Figure 2. Performance of error function with different algorithms for XOR

problem.
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10°

Norm of gradient
=

0 500 1000 1500 2000
Number of iterations

Figure 3. Performance of norm of gradient with different algorithms for
XOR problem.

10

Error function

10

0 500 1000 1500 2000
Number of iterations

Figure 4. Performance of error function with different algorithms for parity
problem.

Norm of gradient

0 500 1000 1500 2000
Number of iterations

Figure 5. Performance of norm of gradient with different algorithms for
parity problem.
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Table 1. Comparison average errors of training and norm of gradients for
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XOR problem
Algorithms Average training error | Norm of gradient | Training time (s) ANE
OGL1 2.7371e-04 0.0014 5.330512 391
OGL2 3.7026e-05 1.7576e-04 5.311793 4.46
OGDr 1.5360e-05 1.0595e-04 5.215273 5.90

Table 2. Comparison average errors of training and norm of gradients for

parity problem
Algorithms Average training error | Norm of gradient | Training time (s) ANE
OGL1 1.9265e-05 2.2655e-04 5.561021 5.33
OGL2 1.2907e-05 1.6240e-04 5.557142 7.18
OGDr 1.0160e-05 1.3122e-04 5.535433 10.00

3.2. Function approximation problem

Here, we consider using a neural network to approximate the following
Gabor function in two dimensions (see Figure 6) which has the following

form:

2

h(x, y) = 21_[(10‘5) exp[);((;;);jcos(2n(x +y)).

There are 36 input training data sets chosen at random from an evenly
spaced 6 X6 enable on —0.5x < 0.5 and —-0.5 < y <0.5. Likewise, the

input test samples are 484 points picked from the 22 X 22 enable on
—0.5x £ 0.5 and —0.5 < y < 0.5. The PSNN structure has three input units,

five summation units, and one output unit, where N = 0.9 is the learning
rate, A; = 0.0002 and A, = 0.0003 are the regularization parameters. The
weights update ending up with 10,000 is the maximum number of training

epochs.

As shown in Table 3, the OGDr has better generalization ability than the
OGL1 and OGL2 algorithms on average, when taking training and testing
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errors and ANE in a brief over ten trials. Comparing the results as in
Figures 7 to 9, we can see that the OGDr learning curves show that
the deterministic result function imitates that OGDr is doing well and

approximate performance is better than the OGL1 and OGL2.

B
™

e

g

0.5

Figure 6. Gabor function.

Figure 7. Approximate performance of OGL1.
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0.5

0.5

Figure 8. Approximate performance of OGL2.

Figure 9. Approximate performance of OGDr.

Table 3. Comparison average errors training/testing for Gabor function

Algorithms | Average training error | Average test error | Training time (s) ANE
OGL1 0.0610 0.0850 5.700147 6.23
OGL2 0.0530 0.0751 5.688019 7.08
OGDr 0.0409 0.0614 5.683113 8.57
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3.3. Sonar benchmark problem

An example of a well-known classification problem is the sonar
benchmark. The task is to classify reflected sonar signals into two groups
(metal cylinders and rocks). The related data set comprises of 208 input
vectors, each with 60 components. There are 60 input layers, 6 summation
units, and one output unit. The training constants consist of learning rate
n = 0.6, regularization parameters A; = 0.0001 and A, = 0.0005, and the

weights update ending up with 5500 to be the maximum number of training

epochs. Number of trails performed is 10.

Table 4. Comparison average accuracy training/testing for sonar problem

Algorithms Accuracy training Accuracy testing Training time (s)
OGL1 0.8974 0.8665 15.441670
OGL2 0.9231 0.9103 15.314041
OGDr 0.9759 0.9533 15.011939

In Table 4, the average accuracy was obtained by performing 10 trails.
It is seen that OGDr gets the best accuracy than OGL1 and OGL2. This
comparison confirms that our new method enhances PSNN training

performance.
4. Conclusions

We examine a regular online gradient approach with double
regularization for PSNN (OGDr). To improve performance, double
regularization is a term proportionate to the magnitude of the weights. It is
critical to select the optimal learning rate and regularization parameters
to aid in the algorithm’s convergence. We show that the OGDr has strong
generalization ability and the best accuracy of OGL1 and OGL2 under
moderate settings. In the future, we hope to develop a mechanism to
demonstrate the theoretical analysis of this study. Because double
regularization is not differentiable at the origin, it contains the absolute

value.
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